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Abstract

In finite element methods that are based on position and slope coordinates, a representation of axial and bending

deformation by means of an elastic line approach has become popular. Such beam and plate formulations based on the so-

called absolute nodal coordinate formulation have not yet been verified sufficiently enough with respect to analytical

results or classical nonlinear rod theories. Examining the existing planar absolute nodal coordinate element, which uses a

curvature proportional bending strain expression, it turns out that the deformation does not fully agree with the solution of

the geometrically exact theory and, even more serious, the normal force is incorrect. A correction based on the classical

ideas of the extensible elastica and geometrically exact theories is applied and a consistent strain energy and bending

moment relations are derived. The strain energy of the solid finite element formulation of the absolute nodal coordinate

beam is based on the St. Venant–Kirchhoff material: therefore, the strain energy is derived for the latter case and compared

to classical nonlinear rod theories. The error in the original absolute nodal coordinate formulation is documented by

numerical examples. The numerical example of a large deformation cantilever beam shows that the normal force is

incorrect when using the previous approach, while a perfect agreement between the absolute nodal coordinate formulation

and the extensible elastica can be gained when applying the proposed modifications. The numerical examples show a very

good agreement of reference analytical and numerical solutions with the solutions of the proposed beam formulation for

the case of large deformation pre-curved static and dynamic problems, including buckling and eigenvalue analysis. The

resulting beam formulation does not employ rotational degrees of freedom and therefore has advantages compared to

classical beam elements regarding energy-momentum conservation.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The pioneering paper of Simo and Vu-Quoc [1] showed that the simulation of large deformation beam
problems for multibody system dynamics is feasible. The so-called geometrically exact beam formulation of
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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the strain energy of Simo and Vu-Quoc’s beam elements is based on classical nonlinear rod theories of
Reissner [2] and Antman [3]. It coincides with the strain definitions in the Euler elastica [4], if shear
deformation is neglected. The numerical treatment of geometrically exact beam elements is based on
discretization of the position of the beam centerline and rotation of the cross section. The strain energy can be
interpreted with the help of a corotational formulation of the strain: see Géradin and Cardona [5].

Alternatively, the absolute nodal coordinate formulation (ANCF) is a large deformation finite element
formulation which utilizes nodal displacement and slope degrees of freedom for the interpolation of the
displacement field of beam elements: see Shabana [6]. A substantial number of publications, numerical
simulations and verification of physical experiments show advantages of the absolute nodal coordinate
formulation and the ability to solve large deformation problems, e.g. in the field of multibody system
dynamics, with correct rigid body inertia terms [7]. The ANCF finite elements with a high order of
interpolation in the axial direction are similar to solid finite elements, but are utilized as beam or plate
elements and therefore some of the ANCF elements suffer from locking. As one of the main advantages, the
ANCF leads to a constant mass matrix, which is different from the spatial case of the geometrically exact
beam formulation of Simo and Vu-Quoc [8]. As a second advantage, the local differential equilibrium follows
immediately from equations of the three-dimensional continuum, simply equilibrating inertia forces with the
divergence of the first Piola Kirchhoff stress and external forces. The work of elastic forces can be directly
derived from any linear or nonlinear material law known from continuum mechanics: see e.g. Ref. [9].
Frequently, the linear elastic, St. Venant–Kirchhoff material based on the Green Lagrange strain and the
second Piola Kirchhoff stress is utilized. The latter material definition is usually applied in fully three-
dimensional solid finite elements, but it is different from the material law incorporated into the classical
elastica or Reissner’s beam theory. For this reason, the axial and bending strain of a beam theory based on the
St. Venant–Kirchhoff material is outlined in Appendix A, which shows the differences from the classical
elastica theory. As a third advantage, ANCF elements immediately employ continuity of gradients along and
between adjacent elements, which is e.g. of great advantage in fluid–structure interaction [10] or sliding joint
applications.

Fully parameterized finite elements based on the ANCF show various types of locking, such as Poisson
locking, see Sopanen and Mikkola [11], as well as combined shear and thickness locking: see Gerstmayr and
Shabana [12]. The numerous types of locking can be resolved and, afterwards, lead to good agreement with the
solution of fully three-dimensional computations with solid finite elements: see Ref. [13]. Original ANCF finite
elements [7] relax the kinematic constraints of the Timoshenko beam theory, by including cross-section
deformation. While this extended beam theory is interesting for large deformation of rubber-like structures or
large strain elasto-plasticity in rolling problems, the cross-section deformation requires additional degrees of
freedom as compared to geometrically exact approaches and leads to a larger number of computations in the
elastic forces. An efficient numerical scheme to solve dynamic problems based on absolute nodal coordinates
with small deformation but large overall motion has been proposed by Gerstmayr and Schöberl [14] and
extended to modal reduction methods by Gerstmayr and Ambrósio [15].

As an alternative to fully parameterized ANCF elements, there are simplified ANCF elements which only
take into account the deformation of the elastic line of the beam element [16,12,17]. The latter so-called elastic
line formulation is computationally more efficient, but less general. In the Bernoulli–Euler ANCF beam or
cable elements of Berzeri and Shabana [16] and Gerstmayr and Shabana [12], only nodal positions and axial
slopes are utilized to discretize displacements. In the extended formulation of Schwab and Meijaard [17], the
three-dimensional case is studied including shear deformation. In a recent investigation regarding the
verification of ANCF finite elements by comparison to analytical solution and classical corotational
approaches, see Dibold et al. [18], it turned out that the elastic line elements were inappropriately formulated.
The results did not coincide fully with analytical results and, as is demonstrated subsequently, the normal
forces are erroneous.

The present paper focuses on the consistent treatment of the virtual work of elastic forces in the ANCF with
an elastic line approach. Two approaches are examined. The first, and proposed approach is based on the
classical extensible elastica [4], which is identical to Reissner’s formulation [2], if shear deformation is
disregarded. We derive the virtual work of elastic forces of the three-dimensional continuum with an elastic
material law which is linear in Biot’s strain. This leads to classical decoupled axial and bending strain terms in
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the strain energy. It is shown that the proposed consistent strain terms are different from the formulation of
Berzeri and Shabana [16], which leads to wrong stress resultants and buckling loads and requires more
nonlinear iterations. In the second approach, a St. Venant–Kirchhoff elastic material is used to derive the
virtual work of a large deformation beam element. This approach is fundamentally different from the elastica
or Reissner’s approach and can be derived from the three-dimensional continuum without any geometrical
approximations other than the Bernoulli–Euler constraints. Thus, the second approach is understood to be
geometrically exact as well. The St. Venant–Kirchhoff approach clarifies the kinematic relations which are
embedded in the original fully parameterized ANCF elements, compare with Yakoub and Shabana [7], and
incorporates a quadratic distribution of strain along the cross section of the beam. The St. Venant–Kirchhoff
approach leads to highly coupled strain energy regarding the strain of the beam centerline and the curvature of
the beam axis. This approach includes an additional fourth moment of area in the bending strain energy
and it is therefore understood as an approach that is inconvenient for engineering applications, because it
includes many nonlinear terms and it requires specific boundary conditions. The difference of the
St. Venant–Kirchhoff approach as compared to the elastica is very small, even in large deformation
applications and depends on the height and curvature of the beam. Details of this approach are included in the
appendix of the present paper, because they can help to understand the fully parameterized ANCF elements.
A recent discussion of Reissner’s nonlinear rod theory and the relation to the three-dimensional continuum is
given by Gerstmayr and Irschik [19].

The proposed finite elements, which are based on the classical nonlinear rod theory, are verified by means of
detailed numerical examples and comparison to analytical results of a large deformation cantilever, which
could be retrieved in the symbolic computation package MAPLE [20]. Classical examples, such as the post-
buckling behavior of a 215� arch, the large deformation bending of a half-circle beam and the eigenvalues
of a ring, show that the proposed formulation is appropriate to exactly reproduce classical results. Last but
not least, a highly dynamic, large deformation example is utilized to show the advantages in dynamic
applications.

2. Original planar ANCF element

In the following, we consider the planar ANCF element proposed by Berzeri and Shabana [16]. Well in line
with the Bernoulli–Euler beam theory, the ANCF finite element considers only axial and bending, but no
shear deformation. Large deformations and large rotations are considered in the formulation of the equations
of motion for the element. There are several ways to describe the undeformed and deformed configuration of
the beam. The conventional way to model the beam axis of a classical elastica or a slender rod would use the
angle y to describe the rotation of the cross section of the deformed beam, see e.g. Love [4], and for the
extension to shear deformable beams; see Antman [3] and Reissner [2]. The alternative way to model the
deformation of the beam axis here is to use a polynomial interpolation of the beam axis, such as in the ANCF.
The advantage of such a formulation is a simple expression for the inertia terms, which leads to a constant
mass matrix and avoids nonlinear coupling in the inertia terms even in the case of three-dimensional motion
and deformation. Furthermore, the elastic forces have a standard form like in iso-parametric solid finite
elements which allows the application of numerical methods and material laws which are widely known. The
ANCF elements are especially designed for multibody dynamic system simulation and offer therefore an easy
formulation of constraints at nodal points. An extension to fluid–structure interaction [10] or multiphysics
problems is straightforward, because the position of a point at the deformed beam axis is given by a simple
polynomial expression.

The position vector r describing the position in the deformed configuration, originally placed at x of the
undeformed beam axis, see Fig. 1, is interpolated by shape functions S and element coordinates q

r ¼ Sq (1)

In order to connect such beam elements rigidly and in order to apply constraints, it is advantageous to use
nodal position and slopes as the nodal coordinates. The coordinates of node j are denoted as

qðjÞ ¼ ½rTjj r0
T
jj�

T (2)
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Fig. 1. Reference and deformed configuration of the planar ANCF element.
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The abbreviation for the spatial derivative of r is given by

r0 ¼
qr
qx

(3)

The element coordinates are denoted as

q ¼ ½qð1Þ
T

qð2Þ
T

�T (4)

Thus, a two-noded planar element has eight degrees of freedom. For the two-noded element, the interpolation
space of the beam axis is defined by two third-order polynomials in x,

r ¼
rx

ry

" #
¼

a0 þ a1xþ a2x2 þ a3x
3

b0 þ b1xþ b2x2 þ b3x
3

" #
(5)

This interpolation allows coupled bending and stretch of the beam axis, while shear is not included. The
unknown coefficients ai and bi are substituted by the nodal coordinates in the following. An extension of
ANCF elements to shear deformation together with an interpolation of the cross section can be found in the
literature [21].

Inserting Eqs. (2) and (5) into Eq. (1), the shape function matrix Sm can be determined

r ¼ ½S1I S2I S3I S4I�q ¼ Smq (6)

where I is the 2� 2 unit matrix. The single shape functions Si are given by

S1 ¼ 1� 3
x2

L2
þ 2

x3

L3
; S2 ¼ x� 2

x2

L
þ

x3

L2

S3 ¼ 3
x2

L2
� 2

x3

L3
; S4 ¼ �

x2

L
þ

x3

L2
(7)

where the beam coordinate x 2 ½0;L� can be transformed into a normalized coordinate x ¼ 2x=L� 1 with
x 2 ½�1;þ1�. This allows a conventional numerical integration for the normalized element coordinate x. The
position vector of a point at a distance y 2 ½�H=2;H=2� from the beam axis in the deformed configuration
reads according to the Bernoulli–Euler theory,

pðxÞ ¼ rðxÞ þ ynðxÞ (8)
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where n denotes the normal vector to the beam axis at x, given by

n ¼
1

jr0j

�r0y

r0x

" #
(9)

2.1. Equations of motion

The weak forms of the equations of motion are derived from the Lagrange–D’Alembert equation,

dW I þ dW S � dW E ¼ 0 (10)

where dW I denotes the virtual work of inertia forces, dW S is the virtual work of internal (elastic) forces and
dW E is the virtual work of external forces.

The mass matrix is determined from the kinetic energy

T ¼
1

2

Z
V

r_rT_rdV ¼
1

2

Z
L

rA_rT_rdx

¼ _qT
Z L

0

rA
qr
qq

� �T qr
qq

dx_q ¼ _qT
Z L

0

rAST
mSm dx_q ¼ _qTM_q (11)

and leads to

M ¼

Z L

0

rAST
mSm dx (12)

where Sm is according to the shape matrix defined in Eq. (6), A denotes the cross-sectional area of the beam
element and r is the density. The mass matrix is constant and can be stored in sparse form. The kinetic energy
of Eq. (11) coincides with the form provided by Simo and Vu-Quoc [1], except for the rotation of the cross
section which can be neglected in the present Bernoulli–Euler theory.

The virtual work of inertia forces is finally given by

dW I ¼ €qTMdq (13)

The virtual work of external forces for a space-wise constant body force b is given by

dW b
E ¼

Z
L

AbTdrðxÞdx (14)

and the work of a torque M at a point x is

dW M
E ¼MdyðxÞ (15)

where yðxÞ denotes the rotation of the deformed beam axis of a point P, originally located at x in the
undeformed configuration; see Fig. 1.

3. Virtual work of elastic forces

The main contribution of the present paper concerns the detailed discussion of the work of elastic forces.
We first present the original formulation of Berzeri and Shabana [16], perform a term-wise comparison with
classical nonlinear rod theories and derive the correct curvature relations with the help of the Biot strain
tensor.

3.1. Strain energy and elastic forces as proposed by Berzeri and Shabana [16]

The original expression for the strain energy (work of elastic forces) as provided by Berzeri and Shabana reads

W B
S ¼

1

2

Z L

0

ðEAð�011Þ
2
þ EIk2Þdx (16)
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The axial stiffness is represented by EA ¼
RH=2
�H=2 WE dy and the bending stiffness is EI ¼

RH=2
�H=2 WEy2 dy. The

authors of Ref. [16] presented several approximations of the axial strain at the beam axis �011 and the curvature
k. The most general expressions provided by Berzeri and Shabana are

�011 ¼
1
2
ðr0

T
r0 � 1Þ (17)

and

k ¼
jr0 � r00j

jr0j3
(18)

where �011 denotes the axial (xx) component of the Green strain tensor and k denotes the actual curvature of
the space curve described by r. As can be seen in Appendix A, a derivation of the beam kinematics from the
Green strain requires a more complicated expression for the strain energy due to axial deformation as
compared to Eq. (17), see Eq. (83), and the bending deformation is approximately proportional to jr0j2k rather
than k. A pure formulation based on the Green strain is cumbersome and the bending strain is completely
different from Eq. (16); cf. Eq. (83). This is the reason why the strain energy is derived in an alternative way,
see Section 3.3.1, subsequently.

Berzeri and Shabana provide a relation of the resultant couple M and the curvature by means of

M ¼ EIk (19)

and a resultant force could be defined as

F ¼ EA�011 (20)

The latter equation is not derived from the integration over the cross section, because in this theory, no
information is given about the local stress–strain behavior within the cross section. Needless to say, it makes
no sense to combine a strain at the cross section derived from Eq. (8) with the bending moment of Eq. (19),
because the result contradicts with Eq. (81) given in the Appendix.

It should be mentioned that Berzeri and Shabana [16] provided simplifications of Eqs. (17) and (18), such as
approximating the curvature for the case of small axial deformation,

k � jr00j (21)

Similar assumptions can already be found in the classical work of Love [4, p. 384], where the approximation
jr0j � 1 is used. Unfortunately, Eq. (21) does not lead to correct results, when taking into account axial
deformation. There have been even more rough approximations of the axial strain [22], such as using the
distance of the nodes of a finite element,

�011 �
d � l

l
with d ¼ jr2 � r1j (22)

where rj denotes the nodal position of node j.
In the following we focus on the more general formulation for axial and bending deformation, as given by

Eqs. (17) and (18), while it has been numerically tested that the simplified expressions, for example the
simplified curvature of Eq. (21), do not resolve the discussed problems.
3.2. Critical discussion of the strain energy for coupled bending and axial deformation

There is a large history of formulations to describe large deformation beam elements. Unfortunately, many
works either consider the inextensible axis, as in the inextensible elastica, see Chapter 19 of [4], or an extensible
axis together with shear deformation [2], which practically involves the case of the extensible elastica. In the
present section, the formulation is consistent with the theory on the shear deformable beam formulation of
Reissner [2]; however, we assume the shear deformation to be identically zero. Concerning the classical
elastica, which does not take into account axial deformation, already Bernoulli and Euler [4] stated that the
bending moment is proportional to the curvature of the deformed beam axis and that the work done in
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bending a rod is proportional to the square of the curvature. However, this result is only valid for the case of
the inextensible axis.

The fact that the (geometrical) curvature depends on the change in stretch leads to erroneous results if the
bending strain energy is quadratic in the curvature of the deformed beam. This fact is well known from the
literature, see e.g. the discussion of Antman [23, p. 88]. The correct term to describe bending independently of
axial stretch is usually derived from the local equilibrium equation for an initial beam segment dx that is
stretched to ds ¼ ldx.

3.2.1. Example of a cantilever beam with end moment

A simple example of a cantilever beam with a bending moment ML applied at the free end is used in order to
demonstrate the problem of Eq. (16). The work of external forces for a tip bending moment reads

dW E ¼MLdyL (23)

where yL denotes the angle of rotation of the free end of the cantilever with respect to the reference
configuration. The local curvature of the beam can be either written with respect to the (deformed) arc length
parameter s or with respect to the beam reference coordinate x: for a derivation see e.g. Gerstmayr and
Shabana [12],

k ¼
qy
qs
¼

qy
qx

qs

qx

� �ð�1Þ
¼:

K

l
(24)

Here, l denotes the stretch of the beam axis

l ¼
qs

qx
¼

ffiffiffiffiffiffiffiffiffi
r0Tr0

p
¼ jr0j (25)

In the following, we show that the choice of a bending strain is sensitive to small approximations regarding the
axial strain. The quantity K is often described in the literature with the Greek symbol k, although it is not the
curvature. Some people try to avoid a name for K, while Reissner [2] denotes K as a bending strain, Simo and
Vu-Quoc [1] describe K as ‘rate of rotation of the cross section along the undeformed length of the beam’ and
Géradin and Cardona [5] interpret K as the material measure of curvature. In accordance to the latter
definition, it might be advantageous to distinguish k by denoting it as the spatial measure of curvature or the
geometrical curvature.

The angle of rotation of the beam tip can be rewritten in terms of K,

yL ¼

Z L

0

qy
qx

dx ¼

Z L

0

K dx (26)

According to the classical beam theory, we assume that the stretch and the change of rotation is constant
along the beam axis. The angle thus follows the simple relation:

yL ¼ LK ¼ klL (27)

The virtual work of internal and external forces according to Eq. (16) is

dW S � dW E ¼

Z L

0

ðEAðl� 1Þdlþ EIðk� k0ÞdkÞdx�MLdyL ¼ 0 (28)

where the axial strain has been replaced by �011 ¼ l� 1, which is a good approximation of the Green strain of
the original formulation of Berzeri and Shabana [16], for the error analysis in the case of small strains. The
initial curvature k0 is considered in Eq. (28) in order to derive the more general case of pre-deformed beams.
Assuming l and k in Eq. (28) to be constant along the beam length, the relations follow for the
Berzeri–Shabana formulation as

ðEAl�MLkÞdl ¼ 0,

ðEIðk� k0Þ �MLð1þ lÞÞdk ¼ 0 (29)
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with the solution

l ¼
MLðEIk0 þMLÞ

EAEI �M2
L

�
MLðEIk0 þMLÞ

EAEI
¼ kexðkex � k0Þ

EI

EA
,

k ¼
EAðEIk0 þMLÞ

EAEI �M2
L

(30)

The geometrically correct values should be lex ¼ 0 and kex ¼ML=EI , which follow, if we use K instead of k in
Eq. (28). The approximation of l in Eq. (30) holds for large axial stiffness. On the other hand, the erroneous
stretch becomes larger if the axial stiffness approaches the bending stiffness. Even if this derivation assumes
only constant strain and curvature along the beam axis, the results agree very well with the numerical results of
Section 4.3. The results of Eq. (30) can be used to estimate the error in infinitesimally short beam segments
as well.

3.3. Derivation of the virtual work of elastic forces in a beam element

The derivation of Reissner’s shear deformable beam formulation is based on the virtual work and the
differential equilibrium equations at the level of beam formulations, i.e. no strain or stress tensors are
addressed in Ref. [2]. In contrast, we are able to utilize a more convenient approach based on the three-
dimensional Biot strain in the case of the Bernoulli–Euler beam theory. This formulation is in line with the
description of Reissner’s beam formulation given in the monograph of Géradin and Cardona [5, p. 110], which
is based on a pseudo-polar decomposition for the deformation gradient. Alternatively, a beam formulation
based on a linear stress–strain relation in the Green strain and the second Piola Kirchhoff stress leads to a
nonlinear distribution of strain with respect to the height of the beam: see Fig. 2 and Appendix A for more
detailed expressions.

We start with the kinematic relations of a Euler–Bernoulli beam. An undeformed position of a point P in
reference configuration is defined by the axial coordinate x 2 ½0;L� and the normal distance y 2 ½�H=2;H=2�
from the beam centerline: see Fig. 3. The deformed position of point P is described by

pðxÞ ¼ rðxÞ þ yt2ðxÞ (31)

Here, r denotes the position of the beam axis and t2 is the unit normal vector which represents the cross section
and which is perpendicular to the beam axis: see Fig. 3. A so-called moving basis, given by the vectors ti, is
attached to the beam cross section. The vector t3 is perpendicular to the plane of deformation and the
following relations hold:

t1 ¼
1

jr0j

qr
qx
; tT1 t2 ¼ 0; tT1 t3 ¼ 0 and tT2 t3 ¼ 0 (32)

For later use, we define the rotation matrix

A ¼ t1 � e1 þ t2 � e2 þ t3 � e3 (33)
Fig. 2. Sketch of the distribution of axial strain versus beam height in pure bending for the case of Biot and Green strain.
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Fig. 3. Definition of the deformed Bernoulli–Euler beam and the moving vectors ft1; t2g.
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The derivative of the position vector p with respect to x is given by

p0 ¼
qp
qx
¼ r0 þ yt02 (34)

and the derivative of the normal vector t2 is computed from the well-known differential geometric relation

t02 ¼ �y
0t1 (35)

where the rate of change of rotation with respect to the undeformed beam axis is defined as, see also Eq. (24),

y0 ¼
qy
qs

qs

qx
¼ k

qs

qx
¼ K ¼

r0 � r00

jr0j2

� �T

e3 (36)

Note that k does not represent the classical curvature, because it can also take on negative values. However,
for the planar case, it is convenient to use this formula. Direct calculation of t02 takes a cumbersome form, but
can be utilized to verify the derivation of the strain energy,

t02 ¼
1

jr0j

�r00
T

e2

r00
T

e1

0

2
64

3
75� r0

T

e1 þ r0
T

e2

jr0j3

�r0
T

e2

r0
T

e1

0

2
64

3
75 (37)

Eq. (34) can be rewritten as

p0 ¼ r0 � yKt1 (38)

The deformation gradient can thus be conveniently expressed for the beam as

F ¼
qp
qx
� e1 þ

qp
qy
� e2 þ e3 � e3 ¼ ðr

0 � yKt1Þ � e1 þ t2 � e2 þ e3 � e3 (39)

and the Green strain tensor reads

E ¼ 1
2
ðFTF� IÞ ¼ 1

2
ððjr0j � yKÞ2 � 1Þe1 � e1 (40)

where I is the identity matrix. Note that the Green strain tensor only contains one non-vanishing component.
It will be used for clarification purposes only in the following: see also Appendix A.

3.3.1. Strain energy based on the polar decomposition and the Biot strain tensor

In order to retrieve the classical elastica equations, the polar decomposition of the deformation gradient is
performed. The polar decomposition of a matrix F,

F ¼ RU (41)
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is unique if R is an orthogonal matrix with detðRÞ ¼ 1, representing a rotation matrix, and U is a positive-
semidefinite and symmetric matrix, characterizing the stretch. U is sometimes called the right Cauchy–Green
stretch tensor.

By employing the rotation of the cross section A, see Eq. (32), we find that

U ¼ ATF ¼ ðtT1 r
0 � yKtT1 t1Þe1 � e1 þ e2 � e2 þ e3 � e3

¼ ðjr0j � yKÞe1 � e1 þ e2 � e2 þ e3 � e3 (42)

is already a unique stretch tensor. The diagonal form of the stretch tensor U fulfills the definitions of the polar
decomposition as long as jr0j � yK40.

It is convenient to use the stretch tensor U for the definition of the strain, which leads to the so-called Biot
or nominal strain tensor; see e.g. Bažant and Cedolin [24]. The Biot strain tensor is defined as

EBiot ¼ U� I ¼ ðFTFÞ1=2 � I (43)

Note that U could be directly computed from Eq. (43) as well. In the Bernoulli–Euler beam, the Biot strain
tensor simply reduces to the form

EBiot ¼ �Biot11 e1 � e1 ¼ ðU11 � 1Þe1 � e1 ¼ ð�0 � yKÞe1 � e1 (44)

and provides a much simpler axial strain than the Green strain tensor: see Appendix A.
The Biot strain can be further split into axial resp. bending strain,

�0 ¼ jr
0j � 1 and �bend ¼ yK (45)

A recent discussion on the Biot tensor using similar results for the extensible elastica has been given e.g. by
Magnusson et al. [25]. It is remarkable that the same axial and bending strain energy can be retained when
using the strain definitions of Simo and Vu-Quoc [1] for the case of zero shear deformation.

Eq. (42) can be furthermore interpreted as the linearized Green strain components, defined in a local,
corotated cross-section frame. This, often related as a corotational concept, is therefore fully identical to the
floating frame of reference formulation, when using a separate floating frame for each point along the beam
axis. Géradin and Cardona [5] perform the same projection procedure as provided in Eq. (42) for the shear
deformable beam element; however, the rotation of shear strain components only leads to a pseudo-polar
decomposition of the deformation gradient.

It is not mentioned by Magnusson et al. [25] that the Biot strain tensor is work conjugate to the Biot stress
tensor T and that the definition of the Biot stress follows from the equivalence of virtual work,

dw ¼ S : dE ¼ T : dEBiot (46)

where S is the second Piola Kirchhoff stress tensor and E is the Green strain tensor, which leads to

T ¼ 1
2
ðUSþ SUÞ (47)

We assume a linear elastic material of the form,

S ¼ D4 : E (48)

with the fourth rank tensor of elasticities D4. This is also known as the St. Venant– Kirchhoff material. The
one-dimensional relation simply reads

S11 ¼ E�11 (49)

where E represents Young’s modulus and �11 is the axial component of the Green strain tensor. The one-
dimensional form of the Biot stress reads

T ¼ T11e1 � e1 ¼ U11S11e1 � e1 (50)

which reads, together with the St. Venant–Kirchhoff material of Eq. (48),

T11 ¼ ð�0 þ 1� yKÞE1
2
ðð�0 þ 1� yKÞ2 � 1Þ (51)

The latter equation is highly nonlinear in the transverse coordinate y, the material measure of curvature K and
the axial strain �0. The St. Venant–Kirchhoff material leads to high coupling of axial deformation and bending



ARTICLE IN PRESS
J. Gerstmayr, H. Irschik / Journal of Sound and Vibration 318 (2008) 461–487 471
in the virtual work of elastic forces, see Appendix A, independently in which the expression of Eq. (46) is used
for virtual work of elastic forces. It is therefore convenient to consider a constitutive modeling in which the
Biot stress is a linear function of the Biot strain �Biot11 . Such a constitutive model in a material model in its
own right; compare with Truesdell and Noll [26]. The relation between S11 and �11 then turns out to be
nonlinear. The constitutive model, linear in T11 and �Biot11 , is well in line with classical nonlinear rod theories
and is defined as

T̄11 ¼ E�Biot11 ¼ Eð�0 � yKÞ (52)

On the other hand, Eq. (52) might be interpreted as a linearization of the St. Venant–Kirchhoff material
assuming H51=K and �051. Finally, we define the virtual work of elastic forces by means of Eq. (52),
taking into account the width W ðyÞ of the cross section,

dW S ¼

Z L

0

Z H=2

�H=2
WT̄11d�Biot11 dydx

¼

Z L

0

Z H=2

�H=2
WEð�0 � yKÞdð�0 � yKÞdydx

¼

Z L

0

EA�0d�0 � EIKdK dx (53)

The resulting virtual work of elastic forces of Eq. (53) is equivalent to the beam formulation of Reissner [2] or
Simo and Vu-Quoc [1] when not regarding the shear deformation. The formulation (53) has been proven to
obey the principle of frame indifference in the more general shear deformable case [1]. We point out that
Eq. (53) is exact in case the material can be prescribed by a linear relation between the Biot stress and the
stretch tensor U, which represents an admissible constitutive relation.

The stress resultant in the beam element is defined as the integral of axial stress via the cross section of width
W and height H,

N ¼

Z H=2

�H=2
WT̄11 dy ¼

Z H=2

�H=2
WEð�0 � yKÞdy ¼ EA�0 (54)

where EA is the axial stiffness of the beam element. The normal force is linear in the axial strain �0, as opposed
to the derivation from the Green strain; see Appendix A. The stress couple is derived in a similar manner by
means of

M ¼

Z H=2

�H=2
WyT̄11 dy ¼

Z H=2

�H=2
WEðy�0 � y2KÞdy ¼ EIK (55)

where EI is the bending stiffness. The bending moment is linear in the material measure of curvature K. The
same relation can be found in all extensible elastica theories and in the more general nonlinear rod theories
[4,2,3,1]; for a more recent work see e.g. Ref. [27].

We are able to treat the case of a pre-stressed or a pre-curved beam element e.g. by subtracting the initial
curvature resulting in the bending moment, see also Ref. [2],

M ¼ EIðK � K0Þ (56)

Note that K0 is equivalent to the initial geometrical curvature of the beam, because the axial coordinate x

coincides with the curve-length of the initially curved beam. Eq. (53) might be rewritten equivalently in terms
of resultant forces and couples,

dW S ¼

Z L

0

Nd�0 �MdK dx (57)
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3.4. Variation of the axial and bending strain components

For a computer implementation, the variation of the strain components needs to be explicitly formulated
with respect to the nodal coordinates. The following equations also demonstrate the simplicity of the absolute
nodal coordinate formulation with respect to the equations of motion. The variation of W S is necessary in the
computer implementation, reading

dW S ¼

Z L

0

ðNd�0 þMdKÞdx (58)

The shape function matrix, see Eq. (6), is rewritten in terms of column vectors Si,

Sm ¼ ½S1 . . .S8� (59)

and according to the Einstein summation convention, Eq. (6) can also be rewritten in terms of the nodal
coordinates qi for its spatial derivatives,

r ¼ Siqi; r0 ¼ S0iqi and r00 ¼ S00i qi (60)

The variation of the axial strain is given by

d�0 ¼
q�0
qqi

dqi ¼
r0
Tdr0

jr0j
¼

1

jr0j
r0
T qr0

qqi

dqi ¼
1

jr0j
r0
T
S0idqi (61)

The variation of K reads

dK ¼
q
qqi

ðr0 � r00ÞTe3

jr0j2

� �
dqi ¼

1

g2
g
qf

qqi

� f
qg

qqi

� �
dqi (62)

with the placeholders f ¼ ðr0 � r00ÞTe3 and g ¼ jr0j2. The derivatives of f and g are given by

qf

qqi

¼ ðS0i � r00 þ r0 � S00i Þ
Te3 and

qg

qqi

¼ 2r0
T qr0

qqi

(63)

The variation of K finally reads

dK ¼
1

jr0j4
½jr0j2ðS0i � r00 þ r0 � S00i Þ � 2ðr0 � r00Þðr0

T
S0iÞ�

Te3dqi (64)

3.5. A literature survey on the ANCF using the geometrical curvature

We could find a certainly incomplete number of papers on the absolute nodal coordinate formulation
containing a curvature-based strain energy. Most of those works are concerning the Bernoulli–Euler beam
theory without shear deformation and an elastic line approach. It is assumed that most of the numerical
results presented in those works are correct because the influence of the curvature on the overall deformation
is small and because normal forces have not been investigated in detail. However, it is important to mention
these works in order to avoid errors made by others in the future. Furthermore, it is important to note that for
those ANCF elements which consider a so-called continuum mechanics approach, with the virtual work of
elastic forces defined by

dW solid
S ¼

Z
V

S : dEdV (65)

the following comments do not apply, but the resultant forces should be interpreted according to Appendix A.

3.5.1. The planar case

Concerning the two-dimensional case, Berzeri and Shabana [16] used the curvature for the definition of the
strain energy, compare with Eq. (16), which should be replaced. This formulation has been used subsequently
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in the papers [16,28,18,10]. It needs to be pointed out that the overall deformation agrees well with physical
experiments [28].

An alternative approach is based on a simplified expression for the bending strain based on a corotational
evaluation of the linearized curvature [22,29]. As this approach is significantly different from the approach of
Ref. [16], it is assumed that the latter papers do not show the above-mentioned problems.

3.5.2. Three-dimensional beam and plate elements

In the three-dimensional case, the coupling of axial deformation, bending, shear and torsion leads to more
complicated geometrical relations which have been introduced in an inconvenient manner. In the early days of
the developments of the ANCF, Von Dombrowski started with an erroneous expression using the curvatures
for the definition of the strain energy, see Ref. [30, Eqs. (35a) and (37b)], while after corotational linearization
of the strain components, a reasonable expression follows; see Eq. (42) of [30]. Concerning the derivation given
in Ref. [30], the curvatures should be replaced by the expression, e.g. given by Simo [31], reading

j ¼ AT qA
qx

(66)

where x represents the axial coordinate in reference configuration which is not the arc length of the deformed
beam axis. In two works investigating the cross-sectional properties of the absolute nodal coordinate
formulation [32,33], the bending strain components should be reconsidered.

In more simple elastic line approaches [34,12,35,36] the curvature should be replaced by K in order to
decouple axial strain and bending. In the approach of Schwab and Meijaard, the influence of axial strain has
been neglected anyway: see page 6 of Ref. [17]. It is therefore difficult to estimate the size of the error in axial
components, but also the latter formulation should be reconsidered with respect to the mentioned problems.

Regarding elastic line approaches for ANCF plate elements, see e.g. Refs. [35,28,37], there are several
approximations assuming small inplane deformation. Due to similarities in the formulation of the elastic
forces of the thin plate and the thin beams with an elastic line approach, it is suspected that the membrane
stresses are erroneous, e.g. in the simple case of the large deformation bending of a cantilever plate.

4. Numerical examples

A large number of examples would be necessary to verify a beam formulation numerically. Following the
classical literature on nonlinear beam elements, especially the geometrically exact beam elements, we find
several static and dynamic tests, which are frequently used to verify the proposed formulation and which show
some significant but also insignificant errors of the conventional formulation of the ANCF beam element. In
summary, we subsequently compare the solution of the extensible elastica for the static deformation of a
cantilever beam and verify the deformation of a pre-curved beam element with the shape of a half-circle into a
exact full circle by means of a torque at the cantilever tip. Hereafter, the classical post-buckling of a 215� arch
is studied and, as a dynamical problem, a very flexible pendulum is studied. All computations have been
performed in the flexible multibody research code HOTINT [38]. The tolerances have always been set to the
utmost possible values, such that the highest accuracy is reached, unless otherwise stated. Time increments of a
fixed step-implicit trapezoidal rule are chosen such that the error of the time integration is not reflected in the
provided results.

4.1. Investigated beam formulations

In the following examples, up to three different formulations are utilized for the strain energy of the beam
element. The first approach is based on the (geometrical) curvature, see Eq. (16), as proposed by
’Berzeri– Shabana’ [16]. The second, and ‘proposed approach’ is based on the absolute nodal coordinate
formulation with the strain energy derived from the Biot strain tensor, see Eq. (53), which coincides with the
extensible elastica and with Reissner’s beam formulation when not taking into account shear terms. Note that
even if we are using the strain energy according to the geometrically exact formulation [1], there is a significant
difference compared to the classical large rotation vector formulation, because no rotations are used in the
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present approach. The third approach is derived from a strain energy based on the Green strain and the
second Piola Kirchhoff stress with a linear ‘St. Venant– Kirchhoff’ material; see Eq. (83) in Appendix A.

4.2. Large deformation of a cantilever beam subjected to a vertical tip load

The static problem of a cantilever beam with a tip load, see Fig. 4, has already been used in the literature for
comparison of ANCF beam elements [39] and analytical solutions are available for the Bernoulli–Euler beam.
However, none of the provided solutions contains enough digits for a thorough verification and normal forces
have not been investigated. It shall be mentioned beforehand that the small deformation results of the
cantilever agree well with analytical results of a small deformation beam theory [18].

We derive the iterative solution by means of the extensible elastica theory, as e.g. given by Magnusson et al.
[25]. In the elastica theory, the differential equations for a cantilever beam with a vertical tip load are derived
from the local equilibrium equations of a stretched beam element,

EI
q2yðxÞ
qx2

¼ EIy00 ¼ �ð1þ lðxÞÞF 0 cosðyðxÞÞ (67)

where y denotes the rotation of the cross section with respect to the undeformed beam coordinate and l
denotes the axial elongation, given for the cantilever beam as

lðxÞ ¼
F 0

EA
sinðyðxÞÞ (68)

The horizontal distance between the tip and the support, denoted by lf , see Fig. 4, results from the (unknown)
rotation and stretch of the beam segment, given by the integral

lf ¼

Z L

0

½ðlþ 1Þ cosðyðxÞÞ þ 1�dx (69)

The bending moment at the support is thus given by

M0 ¼ F 0lf (70)

The values of y and y0 therefore take on the following values at the support:

yð0Þ ¼ 0 and y0ð0Þ ¼M0=EI (71)

We now implement the differential equation (67) in MAPLE 9.5 [20] and iteratively solve the angle yðiÞðsÞ at
iteration i with the given bending moment M

ði�1Þ
0 of the last iteration. Due to the ability of MAPLE to

calculate with arbitrary digits, we are able to produce reference solutions with arbitrary accuracy. We use 22
digits for the calculation which is sufficient to obtain 16 converged digits of accuracy. In fact, the comparison
of a large number of digits is necessary, because when using the wrong expressions for the curvature, it is
possible to obtain accurate displacements up to several digits, depending on the problem, but there always
Fig. 4. Cantilever beam subjected to end load.
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Table 1

Axial and transverse displacement of the tip of the cantilever beam using the proposed ANCF approach, see Eq. (53), and comparison to

the analytical solution of the extensible elastica

Elements ux uy

1 0.362244729891 0.994144758725

2 0.488926308341 1.175222865055

4 0.507428715119 1.205533702233

8 0.508509236497 1.207197756020

16 0.508536579844 1.207238894935

32 0.508537277691 1.207239826397

64 0.508537302970 1.207239853336

128 0.508537304246 1.207239854483

256 0.508537304321 1.207239854546

512 0.508537304326 1.207239854550

1024 0.508537304326 1.207239854550

Ext. elastica 0.5085373043258772 1.207239854549824

Table 2

Converged axial and transverse tip-displacements of the cantilever beam under tip load using the proposed, the Berzeri–Shabana and the

St. Venant–Kirchhoff approach with 512 elements

formulation ux uy

Proposed approach 0.508537304326 1.207239854550

Berzeri–Shabana 0.5089228704 1.2083981311

St. Venant–Kirchhoff 0.5085521768 1.2073298486

Ext. elastica 0.508537304326 1.207239854550
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remains a small error, see e.g. the investigation presented by Dibold et al. [18]. This forced us to look at
converged solutions which are presented in the following.

The numerical data for the cantilever consists of length L ¼ 2m, rectangular cross section h ¼ b ¼ 0:1m
and Young’s Modulus E ¼ 2:07eþ 11N=m2. The tip load has been chosen according to F0 ¼ 3EI=L2, which
leads to very large displacements. Table 1 shows the results for the proposed case using the modified strain
energy given in Eq. (53). It turns out that the proposed element coincides with the classical extensible Euler
elastica solution for at least 12 digits using 1024 elements (depending on the numerical solver and the machine
accuracy which is typically 1e� 16). Table 2 shows converged results for the proposed approach, see Eq. (53),
the Berzeri–Shabana approach, see Eq. (16), the approach with the St. Venant–Kirchhoff material, see
Eq. (83), and a comparison with the classical extensible elastica solution. It turns out that the Berzeri–Shabana
approach leads to results which match neither the elastica solution nor the consistent approach based on the
St. Venant–Kirchhoff material. The error of the Berzeri–Shabana element is approximately 10�3 even in the
converged case. While this error in the tip displacement is insignificant in many technical problems, it might be
important when verifying results or comparing two different theories. It is necessary to point out that the
smaller difference between the elastica solution and the St. Venant–Kirchhoff solution is based on
the differences in the material law, and it turns out that the difference becomes smaller for smaller height of the
beam (for h ¼ 0:1m, the difference is about 3� 10�5 and for h ¼ 0:01m, the difference is only 3� 10�7).

The speed of convergence in the proposed element is shown in the logarithmic error plot of Fig. 5.
The rate of convergence has at least order four, which is one order higher than the interpolation order
of the shape functions: see Eq. (7). The element therefore shows excellent performance in highly nonlinear
problems.
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Fig. 6. Normal force in the cantilever beam for different formulations of the bending strain energy.
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A much more serious error of the original formulation has been found in the normal force of the beam
element. Fig. 6 shows the normal force in the cantilever beam for different formulations, using the respective
expression for each formulation to evaluate the normal force. The proposed approach is based on the
extensible elastica and classical nonlinear rod theory: see Eq. (53) with the normal force according to Eq. (54).
The second formulation is based on the St.Venant–Kirchhoff material without any geometrical approxima-
tions, using Green strain and second Piola–Kirchhoff stress, see Eq. (83), with the normal force from Eq. (79).
The third formulation is according to Berzeri and Shabana: see Eq. (16) together with Eq. (20). The standard
static example of a cantilever shows that small approximations in the axial deformations can lead to significant
errors in the stress resultants or the strain. The error in the normal force using the original beam formulation
of Berzeri and Shabana is found to be approximately

Nerr � EIk2 (72)

and it is independent of the mesh size; cf. Eq. (30). It is also of utmost importance to note that for the case of
the St.Venant–Kirchhoff material, a simplified normal force F ¼ EA�011, instead of Eq. (79), leads to similar
errors in the normal force.

Fig. 7 shows the appropriate bending moment in the cantilever beam for different formulations of the strain
energy. Apparently, the investigated formulations agree very well for the bending moment. This is the reason
why terms of the size jr0j are neglected frequently.
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Fig. 8. Half-circle cantilevered beam subjected to bending moment at the free end.
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4.3. Bending of a pre-curved beam into a full circle

In the second example, the static deformation of a pre-curved beam element is investigated: see Fig. 8.
A cantilever beam with the initial shape of a half-circle is bent into a full circle by means of a torque applied at
the free end. According to the Bernoulli–Euler beam theory, a torque of

M ¼ EI
p
L
¼ EIR (73)

is applied to bend the curved beam into a full circle. We investigate the convergence of the position of the free
end, which should finally have the position (x ¼ 0; y ¼ 0). A similar example has been studied by
Ibrahimbegovic [40]. Compared to the latter reference, we use other geometrical and material parameters in
order to demonstrate the difference of the proposed formulations for the bending strain. However, because the
example is scalable and the exact solution is known, the results are quite comparable.

The parameters of the beam are bending stiffness EI ¼ 105 N=m2, axial stiffness EA ¼ 5� 108 N and radius
R ¼ 1m.

The nonlinear solver, based on the full Newton method, needs two loading increments and a total of 14
Newton iterations to obtain the converged solution (relative residual tolerance tol ¼ 10�6Þ for the problem
discretized with 40 elements and using the proposed bending strain energy of Eq. (57). The geometrically exact
beam element according to Simo and Vu-Quoc is also reported to require two loading increments in order to
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Fig. 10. Error in the vertical (y) displacement of the tip of the circular beam versus number of elements.
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obtain the full circle: see Ibrahimbegovic [40]. In the case of the Berzeri–Shabana approach, see Eq. (16), a
total number of at least five loading increments are needed in order to obtain the solution of the bent circle,
using 37 Newton iterations. The higher number of loading increments could result from the inconsistency in
the bending strain.

Figs. 9 and 10 show the error of the horizontal and vertical displacement of the tip of the half-circle
cantilever beam subjected to a bending moment at the tip. The analytical solution should give exactly zero.
The errors are normalized to the original radius R of the half-circle. The results show that the incorrect usage
of the curvature in the bending strain energy causes an error in the deformation of a beam even in the
converged case and even if the axial extension should not be present or should not play an important role in
this example. The error of the vertical deformation is much smaller than the error of the horizontal
deformation, because the error in the bending/extension of the beam leads to large horizontal, but only small
vertical displacements. It should be mentioned that the number of elements n to discretize the circle has been
chosen according to n ¼ 3ði=2Þ for i ¼ 2 . . . 11 and truncating non-integer numbers. This avoids the possibility
that a discretization with ð2iÞ elements could eventually lead to a much faster convergence than just any odd or
even number (accounting for the symmetry of the problem).

Fig. 11 furthermore shows the axial strain in the beam element for the proposed approach and the
Berzeri–Shabana approach: see Eq. (16). The solution is calculated using 1024 elements for the discretization
of the half-circle where the axial strain is converged. It is apparent that the beam element using the curvature
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shows erroneous axial extension, which follows exactly the analytical value derived in Eq. (30). The same plot
for the geometrical curvature shows a slight difference from the exact solution, see Fig. 12, resulting from the
difference in axial deformation; cf. Eq. (30). In both cases, the curvature is not fully constant, but oscillates
slightly for every element. This is a natural effect in finite elements, caused by the low-order approximation of
the bending strain. It shall be noted that several authors already attempted to solve the even simpler problem
of bending a straight beam into a circle; see e.g. Refs. [39,33]. However, they did not show the converged
results by means of numerical values and neither did they show convergence plots for the error.

4.4. Post-buckling of a 215� arch

In the following section we compare the present beam formulation with a well-known example from the
literature. The post-buckling of arches with different angles has been studied extensively by DaDeppo and
Schmidt [41] using the inextensible elastica beam theory. The results for the critical loads have been used by
researchers in order to validate numerical models for nonlinear beam formulations: see Simo and Vu-Quoc [8]
or Ibrahimbegovic [40]. The latter author provides additional parameters for the axial stiffness to approximate
the inextensibility condition, which are used in the present study. According to Fig. 13, the parameters of the
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Fig. 13. 215� arch with unsymmetric boundary conditions under vertical loading.

Fig. 15. Intitial, deformed and post-buckling configuration (snap-through) of a 215� arch.
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arch are bending stiffness EI ¼ 106 N=m2, axial stiffness EA ¼ 108 N and radius R ¼ 100m. The circular arch
spans 215� of a circle and is fixed at the right support and hinged at the left support.

The nonlinear static computation is performed such that the loading is increased as long as an equilibrium
can be reached, the value found hereafter gives a good approximation of the buckling load. Fig. 14 shows the
displacements of the equilibrium path of the point of load F for the pre- and post-buckling case. The
load–displacement curves could be tracked by a variable load/displacement control for the nonlinear static
solver. Fig. 15 shows several different states during the pre- and post-buckling phase of the arch problem.
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Table 3

Critical buckling load versus the number of elements in the large deformation 215� arch problem

Elements Critical load (N)

Proposed approach Berzeri–Shabana

32 904.570 904.548

64 898.012 897.989

128 897.314 897.290

256 897.295 897.272

DaDeppo and Schmidt [41] 897

Simo and Vu-Quoc [8] 905.28

Ibrahimbegovic [40] 897.3

Table 4

Comparison of eigenfrequencies (Hz) for the proposed ANCF beam element versus analytical solution

Mode Number of elements Analytical

10 20 40 80

1 26.51 25.09 24.90 24.89 24.891

2 80.61 71.57 70.44 70.40 70.401

3 168.25 138.66 135.12 134.98 134.988

4 249.06 226.77 218.64 218.30 218.305

5 541.17 336.68 320.96 320.26 320.249

6 774.92 469.62 442.14 440.80 440.782
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Note that there are three different configurations shown for a load of F ¼ 400N; cf. Fig. 14. Fig. 15 agrees
well with the results of Simo and Vu-Quoc [8] and Géradin and Cardona [5].

Table 3 shows the critical loading values for the first buckling versus the number of elements with the
proposed approach, see Eq. (57), and the Berzeri–Shabana approach; see Eq. (16). There are only slight
differences between these two methods, because axial deformation is very small. The results are also compared
to values provided in the literature [41,8,40] which are equal up to the provided number of digits, except for
the result of Simo and Vu-Quoc [8], where only linear elements have been used and therefore their results are
not converged. We also studied the case of a reduced axial stiffness of EA ¼ 105 N, where the difference of the
investigated methods is much higher, leading to a value of F crit ¼ 883:9N for the proposed and F crit ¼ 862:8N
for the Berzeri–Shabana approach; see Eq. (16).

4.5. Dynamic example: eigenfrequencies of a circular beam

Regarding the linear analysis of a pre-curved beam element that has been designed for large deformation
analysis, it is a good test to investigate the eigenfrequencies of a full circle modeled with Bernoulli–Euler beam
elements. The numerical parameters are copied from a previous study related to the absolute nodal coordinate
formulation [33], using the radius r ¼ 0:5m, axial stiffness EA ¼ 2� 108 N, bending stiffness EI ¼ 1

6
�

104 Nm2 and mass density rA ¼ 7:85 kg=m. The analytical solution, see Ref. [33], does not consider axial
deformation. However, due to the very high axial stiffness, a good agreement is expected. Due to the same
reason, only the proposed approach is investigated, while the alternative approaches give almost the same
results. Table 4 shows the normalized first 6 eigen-frequencies versus the number of elements used to discretize
the circle. The frequencies of rigid body modes are not included in Table 4 but are included in the beam model.
In comparison with the results presented by Sugiyama and Suda [33], we obtain much better agreement with
the analytical values by using quite few elements.



ARTICLE IN PRESS

Fig. 16. Initial configuration of the very flexible pendulum.
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Fig. 17. Vertical displacement versus time of a very flexible pendulum, comparing the proposed and the Berzeri–Shabana approach.

Table 5

Vertical displacement (m) in the very flexible pendulum using the proposed approach (PA) and the approach by Berzeri and Shabana (BS)

Time (s) 128 elem. (BS) 128 elem. (PA) 256 elem. (PA)

0.528 �1.37414 �1.37389 �1.37389

1.210 0.15393 0.15065 0.15068

2.100 �0.17696 �0.26818 �0.26806

2.250 0.02181 �0.03613 �0.03683
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4.6. Dynamic example, energy conservation: large deformation pendulum

In the last example, the free falling of a very flexible pendulum under the effect of gravity according to
Berzeri and Shabana [16] is considered. The data of the pendulum, see Fig. 16, consist of length L ¼ 1:2m,
area A ¼ 0:0018m2, area moment of inertia I ¼ 1:215� 10�8 m4, Young’s modulus E ¼ 0:7� 106 N, density
r ¼ 5540 kg=m3 and gravity g ¼ 9:81m=s2.

Fig. 17 shows the vertical displacement versus time, which visually agrees well with the reference paper [16].
A quite large number of 128 elements have been utilized for the discretization of the beam, about ten times
more than in the reference computation [16]. A comparison with 256 elements showed that both solutions are
already converged, indicating no visible difference. Nevertheless, the proposed approach based on the
geometrically exact beam theory leads to slightly different results compared to the previous approach based on
curvature. Table 5 provides certain values for the vertical displacement for certain times as a reference for
subsequent investigations, and the difference of the investigated approaches is apparent.

Fig. 18 finally shows the kinetic, potential and total energy during the free falling of the pendulum. Potential
energy consists of strain energy and change of potential energy within the field of gravity. In a study over a
longer time period, the conservation properties are still found to be satisfied. As compared to geometrically
exact approaches with rotational degrees of freedom, the present approach based on absolute nodal
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Fig. 18. Conservation of energy in the very flexible pendulum using the proposed approach.
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(displacement) coordinates does not require energy-momentum-conserving algorithms to obtain stable
integration.

5. Conclusion

A detailed analysis and comparison of the proposed ANCF beam finite element and classical nonlinear rod
theories has been presented. As a consequence of good agreements of these theories, also in the numerical
examples, it is appropriate to claim that the absolute nodal coordinate formulation can give the same results as
the elastica theories as well as the geometrically exact beam element of Simo and Vu-Quoc [1], when
disregarding shear deformation. It has been shown that the proposed consistent strain terms are different from
the formulation of Berzeri and Shabana [16], and that the latter formulation leads to wrong stress resultants
and buckling loads and requires more nonlinear iterations. The proposed formulation does not contain
rotations, the finite element has a constant mass matrix even in the extension to the three-dimensional case and
achieves at least a convergence order of three for the displacements. Additionally, we examined the original
absolute nodal coordinate formulation which is based on the Green Lagrange strain and the second Piola
Kirchhoff stress with a St. Venant–Kirchhoff material. We were able to show the differences of the latter
formulation and the classical nonlinear rod theories on a beam kinematical level without approximations
other than the Bernoulli–Euler conditions. The formulation is currently extended to the shear deformable case
which is planned to be published in the near future.
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Appendix A. Bernoulli–Euler beam theory for the St. Venant–Kirchhoff material

The following derivation is intended to show the differences of the virtual work derived in Section 3.3.1 and
a derivation based on a linear relation between the Green strain and the second Piola–Kirchhoff stress,
subsequently denoted as the St. Venant–Kirchhoff approach. An alternative discussion on the Green strain in
the beam theory has been performed by Géradin and Cardona [5, p. 112ff].

The Green strain tensor reads for the Bernoulli–Euler beam element with the kinematical description of
Eq. (31),

E ¼ 1
2
ððjr0j � yKÞ2 � 1Þe1 � e1 (74)
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see also Eq. (40). The only non-zero axial component of the Green strain can thus be written as

�11 ¼ 1
2
ðjr0j2 � 1� 2yjr0jK þ y2K2Þ ¼ �011 � yjr0jK þ 1

2
y2K2 (75)

which shows constant, linear and quadratic terms with respect to the transverse coordinate y: see also Fig. 2.
Note that the abbreviation �011 ¼

1
2 ðjr
0j2 � 1Þ is used.

Considering a linear elastic material in the form of the St. Venant–Kirchhoff law, see Eq. (48), the second
Piola–Kirchhoff stress becomes for the one-dimensional case,

S11 ¼ Eð�011 � yjr0jK þ 1
2

y2K2Þ (76)

A frequent method to define the ‘‘normal force’’ is to integrate the second Piola–Kirchhoff stress via the cross
section, which leads to the interesting result

N ðP2Þ ¼

Z H=2

�H=2
WE �011 � yjr0jK þ

1

2
y2K2

� �
dy ¼ EA�011 þ

1

2
EIK2 (77)

However, the latter result does not provide a resultant force, e.g. for applying boundary conditions. Following
the classical rod theories [3], appropriate stress resultants and stress couples are derived from the first
Piola–Kirchhoff stress tensor [42], which is denoted as P,

P ¼ FS ¼ ð�011 � yjr0jK þ 1
2

y2K2Þðjr0j � yKÞt1 � e1 (78)

The normal force can be derived from the local differential equilibrium equations integrated along the cross
section. The stress resultant in the St. Venant–Kirchhoff formulation must thus be written as

N ðP1Þ ¼

Z H=2

�H=2
WES11F 11t1 dy

¼

Z H=2

�H=2
WE �011 � yjr0jK þ

1

2
y2K2

� �
ðjr0j � yKÞdy

¼ EA�011jr
0j þ 3

2
EIK2jr0j (79)

The latter result shows that, in contrast to classical results, the normal force involves strong coupling of strain
at the beam centerline, �011, and bending deformation, K. It furthermore leads to the conclusion that there is no
permanent neutral (undeformed) fiber in a beam that is subjected to pure bending. The normal force of
Eqs. (77) and (79) does not coincide with the cross-sectional area times axial stress at the beam axis. It is
possible to define an averaged axial Green strain in the Bernoulli–Euler beam by integrating Eq. (75) over the
cross section,

�ðGÞ0 ¼
1

A

Z H=2

�H=2
W �011 � yjr0jK þ

1

2
y2K2

� �
dy ¼ �011 þ

1

2

EI

EA
K2 (80)

Using Eq. (79) in order to evaluate the normal force in the numerical example in Section 4.2 leads to good
agreement with the results of classical nonlinear rod theories, see Fig. 6, while Eq. (77) may unfortunately lead
to erroneous results, i.e. negative strain in a tensioned beam.

Similar relations follow for the stress couple, where the first Piola–Kirchhoff stress is again utilized to define
the bending moment which follows after some calculations,

M ðP1Þ ¼

Z H=2

�H=2
WyES11F 11 dy ¼ �EIK jr0j2 þ

1

2
EI4K

3 (81)

Note that only quadratic and fourth-order terms in y survive the integration over the cross section. The
fourth-order term in y leads to a fourth-order moment of inertia denoted as EI4, which demonstrates that the
St. Venant–Kirchhoff material leads to non-classical expressions. For a rectangular cross section, the
additional term reads EI4 ¼ EWH5=80. A possible bending strain-related term derived from the Green strain
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tensor is defined as

K ðGÞ ¼ �
1

I

Z H=2

�H=2
W �011 � yjr0jK þ

1

2
y2K2

� �
ydy ¼ K jr0j (82)

It is again interesting that the bending-related strain is coupled in axial deformation jr0j and the material
measure of curvature K. The virtual work of elastic forces for a St. Venant–Kirchhoff (SVK) material can be
derived in analogy to Eq. (53) by means of

dWSVK
S ¼

Z L

0

Z H=2

�H=2
WS11d�11 dydx

¼

Z L

0

Z H=2

�H=2
WE �011 � yjr0jK þ

1

2
y2K2

� �
d �011 � yjr0jK þ

1

2
y2K2

� �
dydx

¼

Z L

0

EA�011d�
0
11 þ EI ð3�011 þ 1ÞKdK þ

3

2
K2d�011

� �
þ EI4

1

2
K3dK

� �
dx (83)

Eq. (83) shows a high coupling of �011 and K, which is undesired from a computational point of view and makes
a term-by-term interpretation difficult. Eq. (83) reflects the beam kinematical relations of the classical absolute
nodal coordinate formulation for the planar and shear-rigid case.

Equivalently, it is possible to use the deformation gradient F to define appropriate axial resp. bending
‘‘strains’’ which are work-conjugate to the first Piola–Kirchhoff stress resultants; see Eqs. (79) and (81). The
virtual strains are denoted as d�ðF Þ0 resp. dK ðF Þ and are defined as

d�ðF Þ0 ¼
1

A

Z H=2

�H=2
Wdðjr0j � yKÞdy ¼ djr0j,

dK ðF Þ ¼ �
1

I

Z H=2

�H=2
Wydðjr0j � yKÞdy ¼ dK (84)

The similarity to the strains of the geometrically exact beam formulation, see Eq. (45), is remarkable, however,
the difference from the latter formulation is based on different stress resultants.

Finally, it shall be noted that the virtual work of elastic forces can be represented by means of the virtual
work of first Piola–Kirchhoff stress resultants and the virtual strain resultants based on the deformation
gradient,

dWSVK
S ¼

Z L

0

N ðP1Þd�ðF Þ0 þMðP1ÞdK ðF Þ dx (85)

which is equivalent to Eq. (83).
Remarks to the St. Venant–Kirchhoff approach:
�
 Eq. (83) does not take into account any approximations and can be thus understood as a geometrically
exact formulation. However, the correct introduction of virtual work for external torques and forces seems
to be cumbersome. The formulation does not have the simplicity which is sometimes preferred for the
analysis of engineering structures.

�
 The fully parametrized beam element based on the absolute nodal coordinate formulation [7] is based on
the same strain energy as Eq. (83), while additionally including shear deformation and torsion. The newly
derived relations of normal force and bending moment, see Eqs. (79) and (81), should also be considered in
the fully parameterized element.

�
 Due to the occurrence of the fourth-order moment of inertia EI4, it is obvious that Eq. (83) is elementarily
different from the formulation based on the elastica, given by Eq. (57). It can thus be concluded that the
fully parameterized ANCF beam element [7] is based on a conceptually different beam formulation from
classical nonlinear rod theories [3,2]. For example, Eq. (83) does not lead to a permanent neutral fiber in
pure bending.
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�
 When considering material nonlinearities, it is convenient to extend Eq. (76) similar as done in classical
solid finite element formulations and the respective strain energy and resultant forces can be derived.

�
 For the case of small axial deformation, Eqs. (83) and (57) lead to very similar results for the deformation
and the resultant forces, see e.g. the numerical examples.
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